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ABSTRACT. We introduce the notion of intuitionistic fuzzy edge graph
G = (V, B), where V is a crisp vertex set and B is an intuitionistic fuzzy
relation on V', and present some of its properties. Using a-level graphs and
(a, B)-level graphs, we characterize intuitionistic fuzzy graph G = (A, B),
where A is an intuitionistic fuzzy set on V and B is an intuitionistic fuzzy

relation on V.
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1. INTRODUCTION

G raph theory is useful tool for solving numerous problems in different areas
including computer science, engineering, operations research and optimization. In
many cases, some aspects of a graph-theoretic problem may be uncertain. In such
cases, it is natural to deal with the uncertainty using the methods of fuzzy sets and
fuzzy logic. Fuzzy graph theory is finding an increasing number of applications in
modeling real time systems where the level of information inherent in the system
varies with different levels of precision. Fuzzy models are becoming useful because
of their aim in reducing the differences between the traditional numerical models
used in engineering and sciences and the symbolic models used in expert systems.
Based on Zadeh’s fuzzy relations [21] Kaufanm defined in [11] a fuzzy graph. Rosen-
feld [16] described the structure of fuzzy graphs obtaining analogs of several graph
theoretical concepts. Bhattacharya [3] gave some remarks on operations on fuzzy
graphs, and some operations on fuzzy graphs were introduced by Mordeson and
Peng [13]. Mordeson and Nair presented a valuable contribution on fuzzy graphs
as well as fuzzy hypergraphs in [14]. Shannon and Atanassov [19] introduced the
concept of intuitionistic fuzzy graphs and investigated some of their properties. Par-
vathi et al. defined operations on intuitionistic fuzzy graphs in [15]. Akram et al.
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[1, 2, 3,4, 5, 17, 18] introduced many new concepts, including strong intuitionistic
fuzzy graphs, intuitionistic fuzzy trees, intuitionistic fuzzy hypergraphs, and oper-
ations on interval-valued fuzzy graphs. Nowaways intuitionistic fuzzy graphs are
playing a substantial role in chemistry, economics, computer science, engineering,
medicine and decision making problems. The advantages of intuitionistic fuzzy sets
and graphs are that they give more accuracy into the problems and reduce the cost
of implementation and improve efficiency. In this article, we introduce the notion
of intuitionistic fuzzy edge graph G= (V, B), where V is a crisp vertex set and B
is an intuitionistic fuzzy relation on V', and present some its properties. Next, us-
ing a-level graphs and («, 8)-level graphs we characterize intuitionistic fuzzy graph
G = (A, B), where A is an intuitionistic fuzzy set on V and B is an intuitionistic
fuzzy relation on V.

We have used standard definitions and terminologies in this paper. For other no-
tations, terminologies and applications not mentioned in the paper, the readers are
referred to [9, 10, 22].

2. PRELIMINARIES

A graph is an ordered pair G* = (V, E), where V is the set of vertices of G* and

E C V2 is the set of edges of G*. Two vertices x and y in a graph G* are said to be
adjacent in G*, if {z,y} is in an edge of G*. (For simplicity, an edge {z,y} will be
denoted by zy.) A simple graph is a graph without loops and multiple edges. Let
G7 = (W1, E1) and G3 = (Va, E3) be two graphs and let V' =V x V5. The union of
graphs G} and G is the graph (V3 U Vs, By U Es). The graph (V; UVs, By UE2 UE’),
where E’ is the set of edges joining vertices of (V7 and Vs, is denoted by G% + G5 and
is called the join of graphs G} and G%. The Cartesian product of graphs G and G,
denoted by G x G%, is the graph (V, E) with E = {(z, x2)(z,y2)|x € Vi, z2y2 € E2}U
{(z1,2)(y1,2)|z € Vo, 2191 € E1}. The cross product of graphs G5 and G, denoted
by G}*G3, is the graph (V, E) such that E = {(z1, 22)(y1,y2)|T1y1 € E1,T2y2 € Ea}.
The lexicographic product of graphs G7 and G3%, denoted by G7 e G5, is the graph
(V,E) such that E = {(x,z2)(z,y2)|x € Vi,22y2 € Eo} U {(x1,22)(y1,¥2)|x191 €
E1,x2y2 € Es}. The strong product of graphs G5 and G35, denoted by G1XG3, is the
graph (V, E) such that E = {(z,z2)(z,y2)|z € Vi,22y2 € E2} U {(z1, 2)(y1,2)|2z €
Va,z1y1 € Er U {(x1,22)(y1, y2)|z191 € E1, 22y2 € Es}. The composition of graphs
G7 and G35, denoted by G5[G3], is the graph (V, E) such that E = {(z, z2)(x, y2)|z €
Vi, 222 € Ex}U{(1, 2)(y1, 2)|2 € Vo, m1y1 € E1U{(z1,22)(y1,y2)|22, y2 € Vo, 22 #
Y2, T1y1 € Er}.

A fuzzy subset [20] ponaset Visamap p: V — [0,1]. A fuzzy binary relation on
V is a fuzzy subset g on V x V. By a fuzzy relation we mean a fuzzy binary relation
given by p: VxV — [0,1]. A fuzzy graph G = (u,v) is a non-empty set V' together
with a pair of mapping p: V — [0,1] and v : V xV — [0, 1] such that for all z,y € V,
v(z,y) < p(x) A p(y) and v is a symmetric fuzzy relation on p. An intuitionistic
fuzzy set [6, 7] is an object of the form A = {(z, ua(x),va(x)) | z € V'}, where the
mappings pa @V — [0,1] and v4 : V — [0,1] denote, respectively, the degree of
membership and non-membership of each element © € V such that pa(x)+va(z) <1
forallz € V.

2



Muhammad Akram/Ann. Fuzzy Math. Inform. x (201y), No. x, xx—xx

3. INTUITIONISTIC FUZZY GRAPHS BY LEVEL GRAPHS

We define here an intuitionistic fuzzy edge graph G = (V,B) when V is a crisp
vertex set and B = (pp,vp) is an intuitionistic fuzzy relation on V.

Definition 3.1. An intuitionistic fuzzy edge graph on a nonempty set V is an
ordered pair of the form G = (V, B), where V is the crisp vertex set and B is an
intuitionistic fuzzy relation on V such that pp(zy) < min{ua(z), pa(y)}, ve(zy) >
max{va(x),va(y)} and 0 < pp(ay) + ve(zy) < 1, for all zy € E. Note that
up(zy) =vp(zy) =0, forallzy e VxV — E.

We consider intuitionistic fuzzy edge graphs with crisp vertex set, i.e., intuition-

istic fuzzy graphs G = (V, B) for which pa(z) =1, va(z) =0V z € V, and edges
with membership and non-membership degrees in [0, 1].

Example 3.2. Consider a simple graph G* = (V| E) such that V = {a,b,c} and
E = {ab,bc,ac}. Let B be an intuitionistic fuzzy relation on V defined by B =
{(ab,0.3,0.1), (bc,0.4,0.1), (ac,0.2,0.1)}. By routine calculations, it is easy to see

from Figure 1 that G = (V, B) is an intutionistic fuzzy edge graph with crisp vertex
set and intuitionistic fuzzy set of edges.

0.4,0.1)

F1GURE 1. Intuitionistic fuzzy edge graph G = (V,B)

We state the following propositions without their proofs.

Proposition 3.3. The Cartesian product @1 X @2 = (Vi x Vo, By x B3) of two
intuitionistic fuzzy edge graphs G1 and Ga is an intuitionistic fuzzy edge graph.
Proposition 3.4. The composition @1[@2] of intuitionistic fuzzy edge graphs Gy
and G is an intuitionistic fuzzy edge graph.

Proposition 3.5. The union Gy Uég of two intuitionistic fuzzy edge graphs Gy
and G is an intuitionistic fuzzy edge graph.

Proposition 3.6. The join CAv'l + ég of two intuitionistic fuzzy edge graphs él and

Gs is an intuitionistic fuzzy edge graph.
3
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Proposition 3.7. The lexicographic product CAv'l ° 62 of two intuitionistic fuzzy edge
graphs G1 and G is an intuitionistic fuzzy edge graph.

Proposition 3.8. The strong product (A?l &ég of two intuitionistic fuzzy edge graphs
G1 and Gq is an intuitionistic fuzzy edge graph.

Proposition 3.9. Let G; = (Vi, E1) and G5 = (Va, E3) be crisp graphs with Vi N
Vo = @. Let By and By be intuitionistic fuzzy relations on Vi and Vi, respectively.
Then Gy U Gs = (V1 U Vs, By U Ba) is an intuitionistic fuzzy edge graph of G U G}
if and only if G, = (Vi, B1) and Go = (Va, Bs) are intuitionistic fuzzy edge graphs
of G7 and G%, respectively.

Proposition 3.10. Let GF = (Vi,E1) and G5 = (Va, E2) be crisp graphs and let
ViNV, = @. Let By and Bs be intuitionistic fuzzy relations of V1 and Vs, respectively.
Then Gy + Gy = (Vi + Vo, By + Bs) is an intuitionistic fuzzy edge graph of G* if
and only if Gy = (Vi, B1) and Gy = (Va, Ba) are intuitionistic fuzzy edge graphs of
G and G35, respectively.

Definition 3.11 ([2]). Let A = (ua,va) and B = (up,vp) be intuitionistic fuzzy
sets on a nonempty set V. If A = (ua,v4) is an intuitionistic fuzzy relation on a
set V, then A = (ua,v4) is called an intuitionistic fuzzy relation on B = (up,vg),

if pa(z,y) < min(up(z), up(y)) and va(zy) > max(vp(x),ve(y)), for all z, y € V.
An intuitionistic fuzzy relation A on V is called symmetric, if pa(z,y) = pa(y, )
and va(z,y) =va(y,x), for all z, y € V.

Definition 3.12 ([2]). An intuitionistic fuzzy graph on a nonempty set V is an
ordered pair of the form G = (A, B), where A = (ua,v4) is an intuitionistic fuzzy
set on V and B = (up,vp) is an intuitionistic fuzzy relation on V' such that

pp(ry) < min{pa(x), pa(y)},

vp(ry) > max{va(z),va(y)},
and
up(zy) +vp(ry) <1, for all x,y € V.

Definition 3.13. Let A = (ua,v4) be an intuitionistic fuzzy set on V. Then the set
Ay ={z €V | palz) 2 a; va(z) < B},
where (a, 8) € [0,1] x [0,1], a+ 8 < 1 is called the («, 8)-level set of A.
Let B = (up,vp) be an intuitionistic fuzzy relation on V. Then the set
Blap) = {zy € VXV [ up(zy) = o, vp(zy) <},
where (a, 8) € [0,1] x [0,1], a+ 8 < 1 is called the («, 8)-level set of B.
G(a,8) = (A(a,8), B(a,p)) is called (o, 3)-level graph.

In case of a = 3, where a < 1 we write level graph by G, instead of G4, ).
Note that
Aw,py ={z €V |palr) = atn{z eV |va(z) < B} =U(p; a) N L(v; B),
Ba,p) ={zy € VXV | up(ay) =z a} N{zy € V x V | vp(zy) < B}
=U(p;a) N L(v; B).
4
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Proposition 3.14. The level graph G, ) = (A(a,8), B(a,p)) i5 a subgraph of G* =
(V,E).

Example 3.15. Consider a simple graph G* = (V, E) such that V = {a, b, ¢, d} and
E = {ab,bc, cd, ad, ac,bd}. By routine calculations, it is easy to see from Figure 2
that G = (4, B) is an intuitionistic fuzzy graph.

(0.2,0.1)
d(0.6,0.1) a(0.4,0.1)
(0.1,0.7)
(0.5,0,4) (0.2,0.4)
¢(0.7,0.2)
(0.2,0.3) b(0.3,0.6)

FIGURE 2. Intuitionistic fuzzy graph G = (A, B)

(i) Take o = 0.5. We have Ag5 = {¢,d}, By.s = {cd}. Clearly, the 0.5-level graph
Go.5 is a subgraph of G*.

(ii) Take o = 0.2, B = 0.3. Using Definition 3.13, we have A(g.2,0.3) = {a,¢,d},
B.2,0.3) = {bc}. It is easy to see that (0.2,0.3)-level graph G(g.2,0.3) is a subgraph
of G*.

We state the following Theorem without its proof.

Theorem 3.16. Let G = (A, B) be an intuitionistic fuzzy graph of G*. Then

Gla,p) = (A(a,8), Ba,p)) is a subgraph of G* for every (a, ) € Im(ua) x Im(va)
with o+ B < 1.

Corollary 3.17. Let G = (A, B) be an intuitionistic fuzzy graph of G*. Then
G = (A, B) is intuitionistic fuzzy graph of G* if and only if U(u; ) and L(v; B) are
subgraphs of G* for every a € [0, u(0)] and B € [v(0),1] with « + 8 < 1.

The following Theorem is important in this paper. It is substantial solidification
of the transfer principle for fuzzy sets described in [12].
Theorem 3.18. G = (A, B) is an intuitionistic fuzzy graph if and only if G(a, g is
a crisp graph for each pair (a, B) € [0,1] x [0,1], a + 8 < 1.
Proof. Let G = (A, B) be an intuitionistic fuzzy graph. For every (o, ) € [0,1] x

[0,1]. Take xy € B(q,p)- Then pp(ry) > a and vp(ry) < B. Since G is an intuition-
istic fuzzy graph, it follows that

a < pp(zy) <min(pa(z), pa(y)),
5
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B > vp(xy) > max(va(x),va(y)).
This shows that o < pa(x), a < pa(y), B> va(z), B > va(y), that is, z,y € A, p)-
Thus, G(4,p) is a graph for each (o, 8) € [0,1] x [0,1].
Conversely, let G(,,5) be a graph for all (a, 5) € [0,1] x [0, 1]. For every zy € V2,
let vp(zy) = B and up(xy) = a. Then xy € B(a )- Since G4, 5) is a graph, we have
2,9 € A p); hence fia(z) > a, jialy) >, va(#) < B, va(y) < 5. Thus,

pe(ry) =a <min(pa(z), pa(y)),

vp(zy) = B > max(va(z),va(y)),
that is, G = (A, B) is an intuitionistic fuzzy graph. O

Corollary 3.19. G = (A, B) is an intuitionistic fuzzy graph if and only if Gy is a
crisp graph for each o € [0, 1].

Corollary 3.20. G = (V, B) is an intuitionistic fuzzy graph if and only if é(aﬁ) is
a crisp graph for each «, B € [0,1].

Definition 3.21 ([15]). Let G; = (41, By) and G2 = (Asg, Bs) be intuitionistic fuzzy
graphs of Gf = (V4, E1) and G5 = (Va, E2), respectively. The Cartesian product
G1 x G4 is the pair (A, B) of intuitionistic fuzzy sets defined on the Cartesian product
G7 x G5 such that

(1) /LA(xlv'rQ) = ( 1(:171)’#A2($2))7

(va, (z1),v4,(x2)), for all (x1,22) € V1 x Vo,

)) = min(pa, (), 1B, (2292)),
(x yg)) max(va, (z), v, (z2y2)), for all x € V4 and z2ys € Eo,
( )

z)) = min(up, (191), 14, (2)
)) = max(vp, (T1y1),Va,(2)), for all z € V5 and x1y1 € Ej.

)

Theorem 3.22. G
for each pair (a, B

) is the Cartesian product of G1 and Gz if and only if
0,1] x [0,1], a4 B < 1 the (c, B)-level graph G gy is the
Cartesian product of (G1)(a,p) and (G2)(a,p)-

Proof. Let G = (A, B) be the Cartesian product of intuitionistic graphs G and Gs.
For every (o, 3) € [0,1] x [0,1], if (z,y) € A(q,3), then

min(pa, (), pa, (y)) = palz,y) > B

m |l
S
Sy

and

maX(VAl (I)a VA, (y)) = VA(:E,y) <o
Thus z € (Al)(a,,@) and Yy € (AQ)(O[)B), that iS, ({E,y) S (Al)(a,,@) X (AQ)(O[)B). So
Afa,p) © (A1)(a,p) X (A2)(0,)

Now if (:Z?,y) € (Al)(a,,@) X (AQ)(O[)B), then z € (Al)(a,,@) and Yy € (AQ)(a 8)- It
follows that min(ua, (), pa,(y)) > 8 and max(va, (z),v4,(y)) < . Since (A, B) is
the Cartesian product of G1 and Ga, pa(z,y) > S and va(z,y) < a, that is, (z,y) €
Afap)- Thus (A1) (a,0) X (A2)(a,8) € A(a,8)- 50 (A1)(a,p) X (A2)(a,) = A(a,)-

We now prove B, g = E, where E is the edge set of the Cartesian product
(Gl)(a 8) X (Gg) @.f) for all (a,ﬁ) € [0, 1] X [0, 1]. Let (Il,xg)(yl,yg) € B(aﬁ).
Then, NB((xlu$2)(yluy2)) > B and vp((21,22)(y1,92)) < . Since (4, B) is the
Cartesian product of G; and Ga, one of the following cases hold:

6
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(i) #1 = y1 and x2ys € Es.
(ii) 2 = y2 and z1y1 € Es.

For the cases (i), we have
uB((z1,22)(y1,y2)) = min(pa, (21), uB, (22y2)) = B,

ve((w1,22)(y1,y2)) = max(va, (21), B, (v2y2)) < a.

Thus pa, (1) > B8, va,(x1) < a, pp,(x2y2) > F and vp,(x2y2) < «. It follows that
r1 =Y € (Al)(a,ﬁ)a T2Y2 € (BQ)(a”g), that is, (xl,xg)(yl,yg) € FE.

Similarly, for the case (ii), we conclude that (x1,22)(y1,y2) € E. So, B,z C
E. For every (z,22)(z,y2) € E, pa,(x) = B, va,(x) < @, pp,(22y2) > b and
vp,(x2y2) < a. Since (A, B) is the Cartesian product of G; and G2, we have

UB((xva)(xva)) = min(:uAl (I)a KB,y (I2y2)) > B,

vB((z,2)(%,y2)) = max(va, (), v, (22y2)) < a.
Hence (7, 22)(7,y2) € Ba,g)-
Similarly, for every (z1,2)(y1,2) € E, we have (x1,2)(y1,2) € B(qa,p). Therefore,

E C B(a,p), and so B, g) = E. Converse part is obvious.
O

Corollary 3.23. G = (A, B) is the Cartesian product of G1 and Gs if and only if
for each a € [0,1], G, is the Cartesian product of (G1)a and (G2)q-

Corollary 3.24. G = (V, B) is the Cartesian product of Gy and Gy if and only if
for each pair (o, ) € [0,1] x [0,1], a4+ 8 < 1 the (a, B)-level graph G(q.p) is the
Cartesian product of (él)(aﬁ)) and (ég)(a)ﬁ).

Definition 3.25 ([15]). Let G; = (A1, B1) and G2 = (A2, B2) be intuitionistic fuzzy

graphs of G} = (V4, E1) and G5 = (Va, E»), respectively. The composition G1[G2] is

the pair (A, B) of intuitionistic fuzzy sets defined on the composition G5[Gj] such

that
(1) (1), pra, (2))

(x1),v4,(x2)), for all (z1,z2) € V1 x Vs,

(x)7M32 ($2y2))7
(%), VB, (z2y2)), for all z € V7 and for all zoys €

=
b
—
8
=
&)
N

(iv) pe((z1,22)(y1,y2)) = min(pa, (w2), pa, (y2), kB, (£191)),
vp((21,72)(y1,92)) = max(va,(r2),va,(y2), VB, (v1y1)), for all x2,y2 € V3,
where xg # yo and for all z1y; € Ey.

Theorem 3.26. G = (A, B) is the composition of G1 and G if and only if for each
(o, 8) € [0,1] x [0,1], o+ B < 1, the (a, B)-level graph G4 g) is the composition of
(G1)(a,p) and (G2)(ap)-

7
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Proof. Let G = (A, B) be the composition of intuitionistic fuzzy graphs G; and
G2. By the definition of G1[G3] and the same argument as in the proof of Theorem
3.22, we have A,y = (A1)(a,8) X (A2)(a,5)- Now we prove B, 5 = E, where E is
the edge set of the composition (G1)(a,8)[(G2)(a,p)], for all (a, 8) € [0,1] x [0,1]. Let
(21, 22)(y1,92) € B(a,p)- Then pp((z1,22)(y1,y2)) = B and vp((z1, 22) (Y1, 42)) < o
Since G = (A, B) is the composition G1[Gz2], one of the following cases hold:
(i) #1 = y1 and 22y, € Es.
(ii) x2 = y2 and z1y1 € Ey.
(iii) @2 # y2 and x1y1 € Ey.
For the cases (i) and (ii), similarly, as in the cases (i) and (ii) in the proof of
Theorem 3.22, we obtain (1, x2)(y1,y2) € E.
For the case (iii), we have

p((z1,72)(y1,y2)) = min(pa, (r2), pa,(y2), 5, (T1y1)) > B,

ve((z1,22)(Y1,y2)) = max(va, (v2),va,(y2), VB, (T191)) < o
Thus, pa,(x2) > B, pa,(y2) = b, pp,(x1y1)) = B, va,(r2) < a, va,(y2) < «a
and vp, (z1y1)) < a. It follows that w2y2 € (A2)(a,5) and z1y1 € (B1)(a,p), that is,
(3317332)(9173/2) €L SO’ B(O‘vﬂ) g E.
For every (z,x2)(%,y2) € E, pa,(z) > B, va,(z) < a, pp,(v2y2) > B and
vp,(x2y2) < a. Since G = (A, B) is the composition G;[G2], we have

UB((xva)(xva)) = min(:uAl (I)a KB (I2y2)) > B,

va((, 22)(7,y2)) = max(va, (z), v, (v2y2)) < o
Hence, (z,22)(x,y2) € B(a,p)-

Similarly, for every (z1,2)(y1,2) € E, we have (z,22)(x,y2) € B(qa,p). For ev-
ery (v1,72)(y1,y2) € E, where x2 # y2, 1 # y1, pn,(1191) > B, vB,(1131) <
a, pa,(Y2) = B, va,(y2) < a, pa,(x2) > B and vy, (x2) < a. Since G = (4, B) is
the composition G1[G2], we have

ps (w1, 22)(y1,y2)) = min(pa, (v2), pra, (y2), 1B, (191)) > B,

va((21,22)(y1,y2)) = max(va, (r2),va, (y2), vB, (x191))
Then (xl,xg)(yl,yg) S B(a,ﬂ) Thus £ C B(a B)- So E = B(
Conversely, suppose that(Aq,g), B(a,)), Where (a, ) € [0, ] x [0, 1], is the com-

pOSitiOn of (Gl)(a,,@) and ((AQ)(O[)B), (BQ)(O[)B)).
Similarly, by the same arguments as in the proof of Theorem 3.22, we obtain

IN

pB((z1,72)(y1,y2)) = min(pa, (x2), pa, (y2), pB, (T1y1)),

ve((z1,22) (Y1, y2)) = max(va, (v2),va, (y2), VB, (T191)),
for all 29, y2 € Va(z2 # y2) and for all 21y, € F;. This completes the proof. O

Corollary 3.27. G = (A, B) is the composition of G1 and Ga if and only if for
a € [0,1] the a-level graph Gy, is the composition of (G1)a and (G2)q-

Corollary 3.28. G = (V, B) is the composition of G and Gy if and only if for each
a,B € [0,1], a+ B <1 the (o, B)-level graph G4 gy is the composition of (G1)(a,s))

and (62)(04,;-3)-
8
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Definition 3.29 ([15]). Let G1 = (A1, B1) and Gs = (Asg, B2) be intuitionistic
fuzzy graphs G} = (V1, E1) and G5 = (V4, Es), respectively. The union Gy U Ga
is defined as the pair (A, B) of intuitionistic fuzzy sets determined on the union of
graphs G7 and G35 such that

wa, (x) itxeViandx & Vs
(i) pa(z) =< pa,(z) ifreVoandz g Vi
max(uAl (‘T)v HA, (I)) fzeVinl,
va, (x) ifzeViandz &V,
(i) va(z) =< va,(x) ifxeVyandz g Wy
min(vya, (z),va4,(x)) fxeVinl,
1B, (zy) if 2y € By and xy & Es
(iii) pp(xy) = wB, (zy) if zy € By and zy ¢ E4
maX(MBl (:Cy)v KB, (xy)) if Ty € E1 N Ko
vg, (zy) if zy € Fy and zy € E»
(iv) vp(zy) =< vp,(y) if xy € Fy and xy & F4

min(vp, (zy),ve, (zy)) if xy € E1 N Es.

Theorem 3.30. Let G1 = (A1, B1) and Go = (Aa, Bs) be intuitionistic fuzzy graphs
of Gt = (V1, E1) and G5 = (Va, E3), respectively, and ViNVy = &. Then G = (A, B)
is the union of G and Gy if and only if each (a, f)-level graph G4 g is the union
Of (Gl)(a,ﬁ) and (Gg)(aﬁﬁ).

Proof. Let G = (A, B) be the union of intuitionistic fuzzy graphs G; and Ga. We
show that A, gy = (A1)(a,8)U(A2)(a,p8), for each (o, B) € [0,1]x[0,1]. Let z € A4 g).
Then z € Vi \Vaorxz € Vo \ V5. If © € V1 \ Vo, then pa,(x) = pa(xz) > B and
va,(z) = va(z) < o, which implies 2 € (A1)(q,5). Analogously, » € V5 \ Vi implies
T € (A2)(a,p)- Thus, z € (A1)(a,8) U (A2)(a,6)- SO A(a,p) € (A1) (a,8) U (A2)(a,8)-

Now let = € (Al)(a,,@) U (AQ)(O[)B). Then z € (Al)(a”g), T & (AQ)(a”g) or r €
(A2)(a,8), © & (A1)(a,5)- For the first case, we have pa,(z) = pa(z) > B and
va,(z) = va(r) < a, which implies # € A, gy. For the second case, we have
pa,(x) = pa(r) > B and va,(z) = va(z) < a. Hence z € A, g). Therefore,
(A1) (@,5) U (A2)(a,p) € Aca,)-

To prove that B(q,5) = (B1)(a,8) Y (B2)(a,s), for all (o, B) € [0, 1] x [0, 1], consider
vy € Ba,p). Then xy € Ey \ By or 2y € Ey \ Ey. For 2y € Ey \ E, we have
pB, (xy) = pp(xy) > B and vp, (vy) = vp(zy) < a. Thus 2y € (B1)(a,p)-

Similarly, xy € E» \ Ey gives xy € (B2)(a,8)- S0 Ba,g) € (B1)(a,8) U (B2)(a,p)- If
2y € (B1)(a,8)U(B2)(a,p), then zy € (B1)(a,5)\(B2)(a,8) OF 2y € (B2)(a,8)\(B1)(a,8)-
For the first case, up, (xy) = pp(xy) > B and vp, (zy) = ve(zy) < a. Hence xy €
Biq,p)- In the second case, we obtain zy € B, gy. Therefore, (B1)(a,5) U (B2)(a,5) €
Ba,p)-

The converse part is obvious.

0

Corollary 3.31. Let G = (A1, B1) and Gy = (Aa, Bs) be intuitionistic fuzzy graphs
of Gt = (V1, E1) and G5 = (Va, E3), respectively, and ViNVy = &. Then G = (A, B)
is the union of Gy and G if and only if each a-level graph G, is the union of (G1)a
and (G2)q-

9
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Corollary 3.32. Let él = (V1,B1) and 62 = (Va, Ba) be intuitionistic fuzzy graphs
of Gt = (V1, E1) and G = (Va, E»), respectively, and ViNVa = &. Then G = (V, B)

is the union of G1 and ég if and only if each (a, B)-level graph é(aﬁ) s the union
of (G1)(a,p) and (G2)(a,p)-

Definition 3.33 ([15]). Let G1 = (A1, B1) and Gs = (Asg, B2) be intuitionistic
fuzzy graphs of G3 = (V4, E1) and G5 = (Va, Es), respectively. The join Gy + Ga
is the pair (A, B) of intuitionistic fuzzy sets de fined on the join join G§ + G35 such
that

A, (x) itxeViandx & Vs
(i) palx) =q pa,(z) ifxeVoandz g Wy
max(:uAl (‘T)hqu (I)) freVinl,
va, (z) ifreVianda ¢ Vs
(i) va(z) =< va,(x) ifrelVyandz g Vi
min(vya, (z),va4,(z)) fxeVinl,
1B, (zy) if 2y € By and xy & Es
1B, (zy) if 2y € By and zy € E)

(iii) pp(2y) = max(pp, (vy), pp, (vy)) if zy € By N E;

min(:uAl (I)a KA, (y)) if zy € E

vp, (zy) if zy € Ey and zy & E»
. - vp, (zy) if xzy € Ey and zy & F4
(iv) vs(wy) = min(vp, (zy),vp,(zy)) if 2y € E1 N Ey

max(va, (z),va4,(y)) if zy € E'.

Theorem 3.34. Let G1 = (A1, B1) and Go = (Aa, Bs) be intuitionistic fuzzy graphs
of Gt = (V1, E1) and G5 = (Va, E2), respectively, and ViNVy = &. Then G = (A, B)
is the join of G1 and Gy if and only if each (o, B)-level graph G4 gy is the join of
(G1)(a,8) and (G2)(a,8)-
Proof. Let G = (A, B) be the join of intuitionistic fuzzy graphs G; and Ga. Then
by the definition and the proof of Theorem 3.30, A4 gy = (A1)(a,5) U (A2)(a,p8), for
all (o, 8) € [0,1] x [0,1]. We show that B(OZ;B) = (Bl)(a,,@) U (BQ)(a”g) U EEOZ;B)’ for
all (o, B) € [0,1] x [0,1], where EEO«B) is the set of all edges joining the vertices of
(A1) (a.p) and (Az2)(a,p)-

From the proof of theorem 3.30, it follows that (B1)q,s) U (B2)(a,8) € B(a,p)- If
Ty € Eéa”@), then pa,(x) > B, va,(x) <a, pa,(y) > 5 and va,(y) < a. Thus

pp(zy) = min(pa, (), pa, (y)) = 5
and

vp(zy) = max(va, (z),v4,(y)) < o
It follows that zy € B(aﬁ)- So, (Bl)(a,B) U (BQ)(Q)B) U Eéa,ﬂ) - B(Q;B)' For every
ry € B(a,p), if vy € E1UEy, then 2y € (B1)(a,8)U(B2)(a,s), by the proof of Theorem
3.30. If x € V1 and y € V3, then

min(pa, (), 4, (y)) = up(ry) > B

and

max(va, (x), v, (y)) = va(ey) < a.
10
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Hence z € (A1)(a,p) and y € (A2)(a,p)- So xy € Ef, 5. Therefore, B, g C
(B1)(a,8) U (B2)(a,8) U E{, 5)-
Conversely, let each level graph G, gy be the join of (G1)(a,3) and ((A2)(a,8), (B2)(a,8))-
From the proof of the Theorem 3.30, we have
Q) wa(z) = pa, () itxeW
pa(r) = pa,(x)  if ze Vs
(i) va(z) = va, (2) ifeel
(x) if zeVs.
Y) if zy € E4
xy) if zy € Fs
(IV) I/B(xy) = VB, (J;y) if Ty € El
) it xzy € Es.
Let z € Vi,y € Vo, min(pua, (2), pa, (y)) = b, max(va, (), va,(y)) = a, pp(ry) =d
and vp(zy) = c. Then = € (A1)ap),y € (A2)@,p) and zy € B q. It follows
that zy € Ba), 2 € (A1)(c,a) and y € (A2)(c,a)- Thus, pp(zy) = b, vp(zy) <
«, /’LAI( ) > d, VAl( ) <c /J'Az( ) > d and VAz(y)leqc' So,

pp(zy) > B =min(pa, (), pa, (y)) > d = pp(ry)

va(ay) < a = max(va, (2), va, () < ¢ = va(ey).
Hence

pe(2y) = min(pa, (2), 14, (), ve(zy) = max(va, (x),va,(y))
as desired. ]

Corollary 3.35. Let G = (A1, B1) and Gy = (Ag, Bs) be intuitionistic fuzzy graphs
of Gt = (V1, E1) and G5 = (Va, E2), respectively, and ViNVy = &. Then G = (A, B)
is the join of G1 and Gs if and only if each a-level graph G, is the join of (G1)a
and (G2)q-

Corollary 3.36. Let él = (V1,B1) and @2 = (Va, Ba) be intuitionistic fuzzy graphs
of G3 = (W1, El) and G2 (Va, E2), respectively, and Vi NVy = &. Then G = (V, B)
is the join of Gy and G, if and only if each («, B)-level graph G (a,8) 18 the join of

(Gl)(a,ﬁ) and (Gg)(aﬁﬁ).

Definition 3.37. Let G7 = (A1,B1) and G2 = (Ag, B2) be intuitionistic fuzzy
graphs of G7 = (V4, E1) and G% = (Va, E»), respectively. The Cross product Gy * Ga
is the pair (A, B) of intuitionistic fuzzy sets defined on the cross product G * G
such that

(i) pa(wy,x2) =min(ua, (21), 114, (22)),
I/A(Il,IQ) = max(uA (1), v4,(x2)), for all (z1,22) € V1 x Vo,

(i) ps((21,22)(y1,92)) = 1n(ﬂBl(«lel) 1B, (T2Y2)),
v((z1,22)(y1,y2)) = max(vp, (v1y1), VB, (22y2)), for all z1y1 € By and for
all T2Y2 € FEs.

Theorem 3.38. Let G1 = (A1, B1) and Go = (Aa, Ba) be intuitionistic fuzzy graphs
of Gy = (Vi,E1) and G5 = (Va, Es), respectively. Then G = (A, B) is the cross
11
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product of G and Gz if and only if each level graph G, gy is the cross product of
(Gl)(a,ﬁ) and (Gg)(aﬁﬁ).

Proof. Let G = (A, B) be the cross product of Gy and G2. Then by the definition of
the Cartesian product and the proof of Theorem 3.22, we have A(q,5) = (A1) (a,8) X
(A2)(a,8), for all (e, B) € [0,1] x [0, 1]. We show that

Ba,p) = {(z1,22) (Y1, y2)|r151 € (B1)(a,8), Z2Y2 € (B2)(a,8)}
for all (a, B) € [0, 1] x [0,1]. Indeed, if (z1,22)(y1,y2) € B(a,s), then

pe (1, 22)(y1,y2)) = min(up, (v191), pB, (v2y2)) > B,

v((z1,22)(Y1,y2)) = max(vp, (T1y1), w5, (T2y2)) < .

Thus pp, (1y1) > B, pe,(v2y2) > B, vp,(z1y1) < a and pp,(r2y2) < a. So,
21y1 € (B1)(a,p) and z2y2 € (B2)(q,p)-

Now if 191 € (B1)(a,s) and z2y2 € (B2)(a,), then up, (v191) > 8, vp, (131) <
a, pp,(x2y2) > f and v, (z2y2) < . It follows that

pe (1, 72)(y1,y2)) = min(up, (v191), wB, (T2y2)) > B,

ve((71,22)(y1,y2)) = max(vp, (T191), VB, (T292)) < &

because G = (A, B) is the cross product of G * Go. Hence, (21, 2)(y1,¥2) € B(a,g)-
The converse part is obvious.
O

Corollary 3.39. Let él = (V1,B1) and Go = (Va, Ba) be intuitionistic fuzzy graphs
of Gi = (Vi, Ey) and G = (Va, Es), respectively. Then G = (V,B) is the cross
product of G1 and G2 if and only if each G(a ) is the cross product of Gl(a ) and

Ga(ap)-

Definition 3.40. Let G; = (A1, B1) and Gy = (Az, B) be intuitionistic fuzzy
graphs of G = (V1, F1) and G5 = (Va, Es), respectively. The lexicographic product
G @ G4 is the pair (A, B) of intuitionistic fuzzy sets defined on the lexicographic
product G e G such that

(1) pa(rr,22) = min(pa, (21), pa, (z2)),
I/A(Il,IQ) = max(va, (71),va,(z2)) for all (z1,z2) € V1 X Va,

(ii) pp((z,72)(7,y2)) = min(pa, (), up, (v2y2)),
ve((z,x2)(xz,y2)) = max(va, (z),vs, (x2y2)) for all z € V7 and for all 29y, €
E27

(iii) pp((r1,22)(y1,y2)) = min(up, (x1y1), wB, (T2Yy2)),
ve((z1,22)(y1,y2)) = max(vp, (£1y1), VB, (22y2)) for all z1y; € E; and for
all T2Y2 € EQ.

Theorem 3.41. Let G1 = (A1, B1) and Go = (Aa, Ba) be intuitionistic fuzzy graphs
of G = (Vi, Ev) and G5 = (Va, Es), respectively. Then G = (A, B) is the lexico-
graphic product of G1 and Gso if and only if G4,y = (G1)(a,p) ® (G2)(a,p), for all
(o, B) €0,1] x [0,1], a+ B < 1.

12
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Proof. Let G = (A, B) = G1G5. By the definition of Cartesian product G; x G2 and
the proof of Theorem 3.22, we have A, gy = (A1)(a,8) X (A2)(a,p), for all (o, B) €
[0,1]x [0, 1]. We show that B(a,g) = E(a,5) UE(, s for all (a, 8) € [0,1]x[0, 1], where
Ea,py = {(z,22)(z,y2) |z € Vi, 22ys € (Bg)(aﬁﬁ)} is the subset of the edge set of the
direct product G(a gy = (G1)(a,8) X (G2)(a,8), and Eéa,ﬁ) = {(z1,22) (Y1, y2)|m151 €
(B1)(a,8)s Z2y2 € (B2)(a,)} is the edge set of the cross product (G1)(a,g) * (G2)(a,8)-
For every (z1,72)(y1,¥y2) € Ba,g)- 1 = Y1, Tay2 € Ey or x1y1 € By, 2oy € Eo.
If 21 = y1, way2 € Ea, then (x1,22)(y1,42) € E(a,p), by the definition of the
Cartesian product and the proof of Theorem 3.22. If x1y; € Ey, x2ys € Eo, then
(z1,22)(y1,92) € EE%B)’ by the definition of cross product and the proof Theorem
3.38. Thus, B(a,p) € E(a,p U EE%B)' From the definition of the Cartesian product
and the proof of Theorem 3.22, we conclude that E, ) € B(q,g), and also from the
definition of cross product and the proof Theorem 3.38, we obtain Eéa”@) C B(a,p)-
So, Eaﬂ) UE(OZB) - B(aﬁ)

Conversely, let G (,B) = (A(OZ;B)’B(OZ;B)) = (Gl)(a,ﬂ) . (GQ)(O[)B), for all (o, B) €
[0,1] x [0,1]. We know that (G1)(a, B) ¢ (G2)(a,) has the same vertex set as the
Cartesian product (G1)(q,8) X (G2 . Now by the proof of Theorem 3.22, we have

),
pa((w1,w2)) = min(pa, (1), pa, (22)),
)=

va((z1,22)) = max(va, (v1), va, (72)),

for all (z1,z2) € V1 x Va.

For z € V1 and xay2 € Es, let min(ua, (), i, (x2y2)) = 8, max(va, (x), v, (£2y2))
=a, pp((x,z2)(x,y2)) = f1 and vp((x,22)(x,y2)) = a1. Then, in view of the defi-
nition of the Cartesian product and lexicographic products, we have

(z,22)(2,92) € (B1)(a,) ® (B2)(a,8) <= (,72)(%,y2) € (B1)(a,8) X (B2)(a,8);
(@, 22)(2,92) € (B1)(a.) ® (B2)(a,8) <= (2, 22) (2, ¥2) € (B1)(a,8) X (B2)(a,5)-
From this, by the same argument as in the proof of Theorem 3.22, we conclude

/LB((xv ‘TQ)(Ia y2)) = min(ﬂA(x)v HBs ($2y2))7

vp((, x2)(x,y2)) = max(va(z), vs, (€292))-

Now let pp((z1,22)(y1,y2)) = B1 ve (@1, 22) (Y1, ¥2)) = a1, min(up, (21y1), wB, (22y2))
= B and max(vp, (r1y1), VB, (T2y2)) = «, for x1y1 € E; and x2ys € Es. Then in
view of the definitions of cross product and the lexicographic product, we have

(z1,22)(Y1,Y2) € (B1)(a,8) ® (B2)(a,8) <= (21, 72)(y1,92) € (B1)(a,8) * (B2)(a,8);

(z1,72)(y1,Y2) € (B1)(a,8) ® (B2)(a,8) <= (21, 72)(y1,92) € (B1)(a,8) * (B2)(a,p)-

By the same argument as in the proof of Theorem 3.38, we can conclude
ps((x1,22)(y1,y2)) = min(up, (T191), kB, (T292)),

ve((w1,72)(y1,y2)) = max(vp, (T191), VB, (T22)),

which completes the proof. O
13
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Corollary 3.42. Let él = (V1,B1) and 62 = (Va, Ba) be intuitionistic fuzzy graphs
of GI = (V1, E1) and G3 = (Va, E»), respectively.  Then G =(V, B) is the lexico-
graphic product of G1 and Gs if and only if G (a,8) (Gl) (a,8) (Gg) (a,8), for all
(@, 8) € [0,1] x [0, 1], a + f < 1.

Lemma 3.43. Let G1 = (A1, B1) and Go = (Aa, Ba) be intuitionistic fuzzy graphs
of Gt = V1, E1) and G5 = (Va, E2), respectively, such that Vi = Vo, A1 = As and
EiNEy = @. Then G = (A, B) is the union of Gy and G if and only if G, g) 1is
the union of (G1)(a,p) and (G2)(a,p), for all (o, B) € [0,1] x [0, 1].

Proof. Let G = (A, B) be the union of intuitionistic fuzzy graphs G; and Gs. Then
by the definition of the union and the fact that V3 = V5, A; = As, we have A = A =
As. Then A(aﬁ) = (Al)(a,ﬁ) U (Ag)(aﬁ). We now show that B(aﬁﬁ) = (Bl)(a,ﬁ) U
(B2)(a,p), for all (o, B) € [0,1] x [0,1]. For every xy € (B1)(a,s), we have up(zy) =
uB, (xy) > B and vg(vy) = vp, (vy) < a. Thus xy € B(q ). S0, (B1)(a,5) € B(a,)-

Similarly, we obtain (BQ)(a”g) - B(OZ;B)' Then, ((Bl)(a,ﬁ) U (BQ)(a”@)) - B(a”@).
For every xy € B(q,p), vy € E1 or vy € Ey. If vy € Ey, then vp, (vy) = vp(zy) < o
Thus 2y € (Bi)(a,p)- If 2y € Ea, then we have 2y € (B2)(q,)- Thus, B, g C
(B1)(a,) U (B2)(a,6)-

Conversely, suppose that the («, 3)-level graph G(,,5) be the union of (G1)(q,s)
and (A2) gy, (B2)(oy)- Let 114 (2) = B, a(z) = , fia, (z) = 1 and v, (z) = au,
for some z € Vi = V2. Then © € A(y ) and @ € (A1), g)- Thus z € (A1), 45, and
z € A(ap), because A gy = (A1), 5 and A = (A1), g) It follows that
/LAl(x) > b, va, (I) <o /LA(:E) > d and VA(x) < ¢. So, /LAl(x) > ILLA(I)’ va, (:E) <
va(z), pa(x) > pa,(x) and va(z) < vga, (). Hence, pa(z) = pa, (x) and va(x) =
I/Al(,f). Since Ay = Ay, V1 =V, A=A = A1 U As.

By a similar method, we conclude that

(0 { g (zy) = pp, (vy) if wy € Ey
ps(ry) = ps, (2y) if zy € By
(ii) { ve(zy) = v, (xy) 'if xy € By
vp(zy) = vp, (zy) if zy € Es.

O

Definition 3.44. Let G7 = (A;1,B1) and G2 = (Ag, B2) be intuitionistic fuzzy
pair of graphs G} = (V4, E1) and G5 = (Va, Es), respectively. The strong product
G1 X G is the pair (A, B) of intuitionistic fuzzy sets defined on the strong product
G7 X G35 such that

(i) pa(zr,22) =min(ua, (21), f1a, (22)),
va(x1,x2) = max(va, (x1), va,(x2)), for all (x1,z9) € V1 X V3,
(i) pp((@,22)(x,y2)) = min(pa, (), 1B, (T292)),
ve((z,x2)(xz,y2)) = max(va, (z),vs, (x2y2)), for all z € V; and for all 29y, €
E27
(i) pp((x1,2)(y1,2)) = min(up, (2191), pa,(2)),
vp((z1, 2)(y1, 2)) = max(vp, (T1y1), V4, (2)), for all z € V; and for all z1y; €
El7
14
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(iv) pp((z1,22)(y1,92)) = min(pp, (191), kB, (2292)),
ve((z1,22)(y1,y2)) = max(vp, (z1y1), VB, (T2y2)), for all z1y1 € E; and for
all T2y € FEs.

Theorem 3.45. Let G1 = (A1, B1) and Go = (A, B) be intuitionistic fuzzy graphs
of G5 = (Vi,E1) and G5 = (Va, E3), respectively. Then G = (A, B) is the strong
product of G1 and G2 if and only if G4 gy, where (o, 8) € [0,1] x [0,1], a +3 < 1
is the strong product of (G1)(a,p) and (G2)(a,g)-

Proof. According to the definitions of the strong product, the cross product and the
Cartesian product, we obtain G1 K Gy = (G X G2) U (G1 x G3) and

(G1)(a,8) B (G2)(a,8) = ((G1)(a,8) X (G2)(a,8)) U ((G1)(a,8) * (G2)(a,8))

for all (o, 8) € ]0,1] x [0,1].
Now by Theorem 3.38, Theorem 3.22 and Lemma 3.43, we see that
G=G1XGy

<:>G:(G1XG2)U(G1*G2)

< G(a”@) (Gl X GQ)(a 8) U (G1 * GQ)(O[)B)
= Ga,p) = ((G1)(a, 3) X (G2)(a,8)) U ((G1)(a,p) * (G2)(a,p))
> Gq, ﬂf ](Gﬂ(a 8) W (G2) (a8,

for all (a, B) € [0,1] x [0, 1]. O

4. CONCLUSIONS

A graph is a convenient way of representing information involving relationship be-
tween objects. The objects are represented by vertices and relations by edges. When
there is vagueness in the description of the objects or in its relationships or in both,
it is natural that we need to design a fuzzy graph model. An intuitionistic fuzzy
graph model is a generalization of fuzzy graph model. Intuitionistic fuzzy models
give more precision, flexibility and compatibility to the system as compared to the
classic and fuzzy models. Thus in this connection we have presented properties of
intuitionistic fuzzy graphs by level graphs. Currently, we are extending our research
work to (1) Pythagorean fuzzy (Intuitionistic fuzzy of second type) incidence graphs;
(2) Rough Pythagorean fuzzy soft graphs; (3) Rough Pythagorean fuzzy soft hyper-
graphs; (4) Rough Pythagorean fuzzy bipolar soft graphs; (5) Rough Pythagorean
fuzzy graphs; (6) Rough Pythagorean fuzzy incidence graphs.
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